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A PRINCIPLE OF EQUIVALENCE OF MODALITIES
DE-DICTO AND DE-RE UNDER THE CONDITION
OF A-PRIORI-NESS OF KNOWLEDGE,
FORMULATED BY AN ARTIFICIAL LANGUAGE
OF FORMAL MULTIMODAL AXIOMATIC THEORY ®"*

The subject-matter of investigation is the nontrivial modal-logic problem
of equivalence of de-dicto and de-re types of modalities. The target — explicating, exact
formulating and adding the precisely formulated principle of equivalence of the
modality-types as a new proper philosophy axiom scheme to the multimodal axiomatic
system of formal philosophy ®+3. The scientific novelty: for realizing the target, the
already published formal axiomatic theory ®+3 has been transformed into
a qualitatively different logically formalized multimodal axiomatic system called ®°®
due to manifest taking into an account and systematical dealing with the different modal-
ity types called de-dicto and de-re. For accomplishing the transformation, (1) definitions
of the alphabets of artificial object-language and meta-language of ®+3 have been
changed: new symbols QP and QF standing for perfection-modalities (belonging to the
types D and R, respectively) have been included into the alphabet of metalanguage
of ®°%; (2) in ®"}, one new axiom-scheme (containing the new symbols QP and Q)
has been added to the set of axiom-schemes of ®+3; (3) by means of the artificial
language of ®°%, a precise formulation of the principle of equivalence of the modality-
types de-dicto and de-re is given, and the concrete epistemic condition, under which the
equivalence principle is valid, is defined. For the first time, a nontrivial multimodal
interpretation is given for the traditional formal logic square of opposition and hexagon.
Also, for the first time, these geometric figures have been utilized for visual modeling
a system of formal-axiological relations among qualitatively different de-re-perfection-
modalities as evaluation-functions.
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B.O. JloooBHKOB

MPUHLIAI SKBUBAJTEHTHOCTH MOJIAJLHOCTEM
JE-TUKTO U JE-PE ITIPM YCJIOBUH
ANIPHOPHOCTH 3HAHMS, COOPMYJTUPOBAHHBII
HA UICKYCCTBEHHOM SI3BIKE ®OPMAJILHOM
MYJIBTUMOJAJILHOM AKCHOMATUYECKOW TEOPHHA @™}

Ilpeomem wccienoBaHus — HETPUBHAJIbHAs MOJAAJIbHO-JIOTHYECKaAs
npobieMa SKBUBAIEHTHOCTH de-dicto M de-re TUIIOB MojanbHOCTeH. [lens —
MpOsSICHEHUE, TOYHas (GOPMYJIUPOBKA, U N0OaBICHHE YTOYHEHHOI'O MPHUH-
LUNa SKBUBAJIGHTHOCTU JITUX THUIIOB MOJAIbHOCTEH B KauecTBe HOBOMU
CXeMBI COOCTBEHHBIX aKCHOM B MYJIBTHMOJIAJIBHYI0 aKCHOMAaTHYECKYIO
cucteMy QpopmanbHoil dunocodpun d+3. Hayunas nosusHa: 0asi JOCTH-
JKEHHUS TOW LeNH, yKe omyOinKoBaHHas (opMmaipHas aKCHOMaTHIeCKas
teopuss @d+3 mpeobpasoBaHa B HEKYI0 KaueCTBEHHO OTIMYHYIO
OT Hee JIOTHYeCKH (popMaTH30BaHHYIO MYJIBTHMONAIBHYI0 aKCHOMATHYIe-
CKyI0 cHcTeMy, Ha3BaHHylo ®F, Gmaromaps NpUHATHIO BO BHUMAHHE
U CHCTEMaTHYECKOMY HCIIOJIb30BAHHI0O B HEH YIOMSHYTBIX Pa3IMYHBIX
THIIOB MOJAIBHOCTEH, UMEHYeMBIX dicto n de-re. JlJs OCyIIeCTBICHUS
Takoi TpaHchopmanuu, (1) U3MEHEHBI ONpeleeHus ai(aBUTOB S3bIKa-
06bekTa M MeTas3bika Teopun ®O+3: B andaBuT MeTas3bika Teopun DOOF
no6asnensl HoBbie cumBonbl Q° u QF, o6o3mauaronme Hekue (M0GBIC)
MOJAJIBHOCTU COBEPIIEHCTBA YNMOMSHYTHIX THIOB D u R, cooTBeTcTBEH-
HO; (2) KO MHOXKECTBY aKCHOMHBIX cxeM Teopur ®+3, B Teopmio O % ro-
GaBieHa OHA HOBas cXeMa aKcHoM, coiepxkamas cumBonsl Q° u QF;
(3) Ha uckyccrBeHHOM sa3bike PPN nama TouHAs (HOPMYIHMPOBKA IPUHIMIA
9KBHMBAJIEHTHOCTH TUIIOB MOJAIBHOCTEH dicto U de-re, a Takxe ONpeseseHO
TO KOHKPETHOE JMUCTEMUYECKOE YCIOBUE, IPU KOTOPOM 3TOT MPHUHIUM JK-
BHBAJICHTHOCTH MMEET 3aKOHHYIO CHJIy. BrmepBrle mpemoskeHa Hekas He-
TPUBHAIBHAS MYIbMUMOOAIbHAA WHTEPIPETalds TPaTUIHOHHOTO (op-
MaJIbHO-JIOTHYECKOTO KBaJpaTa M TEKCaroHa JIOTHYECKOH OMIIo3uiuu ab-
CTPaKTHBIX MOHATHH. Taxxke BIEpBBIe YIIOMSHYTHIE TeOMeTpHIeckre Gury-
PBI UCIIONIB30BAaHBI B KAUECTBE HATIIATHBIX MOJEICH CHCTEMBI ()OPMALbHO-
akcuonozcuyeckux OTHOIICHWH MEXIy KadyeCTBEHHO pAa3IHYHBIMU de-re-
MO/JIQJIbHOCTSIMH-COBEPIIEHCTBA KaK YEHHOCMHbIMU DYHKYUAMU.

Kouesvie crosa: monanpaocTh; de-dicto; de-re; mpUHIUI YKBUBAJICHT-
HocTH MonanbHocTel de-dicto u de-re; norndecku hopmaan3oBaHHAsE MYJlb-
TUMOJIaJIbHAsI aKCHOMAaTHYeCKas cuctema hunocoduu.
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1. Introduction

Many philosophers have defended an account of de re belief about an object
in terms of having some de dicto belief about that object while also bearing
a relation of acquaintance to it, that is, while being epistemically en rap-
port with the object [Wierenga 2021].

The most able and influential enemy of modality (both de dicto and de re)
was W. V. Quine, who vigorously defended both the following theses. First,
that modality de dicto can be understood only in terms of the concept of ana-
lyticity (a problematical concept in his view). Secondly, that modality de re
cannot be understood in terms of analyticity and therefore cannot be under-
stood at all [Inwagen, Sullivan, and Bernstein 2023].

De re is less favorable than de dicto [ Zhang and Davidson 2020, p. 1].

Formal-logic aspect of alethic modalities was noticed and system-
atically studied yet in ancient times, at least, since that famous epoch
when the syllogism theory had been created and elaborated in details
[Apucrorens 1978; JlykaceBuu 1959; Mapkun 2018]. However,
at first, the nontrivial distinction between de re and de dicto types of
the modalities had been not-well-recognized.

Aristotle considered some “mixed” syllogisms with one apo-
deictic premise, one assertoric premise and apodeictic conclusion
to be valid. His pupils Theophrastus and Eudemus introduced the
principle that the conclusion always has the same modal character as
the weaker of the premises, thereby they rejected all mixed modal
syllogisms. In medieval logic, a distinction was made between de
dicto and de re modalities. It was demonstrated that propositions
with de dicto and de re modalities have different deductive character-
istics. Aristotle’s apodeictic syllogistic contains both: reasonings val-
id only under de dicto-interpretation of modalities ... and reasonings
valid only under de re-interpretation (e.g. modus Barbara). When we
accept the “principle of the weakest premise”, apodeictic syllogistic
can be naturally interpreted as containing de dicto modalities. The
eminent Polish logician Jan Lukasiewicz suggested that both modal
syllogistic versions were incorrect. In his opinion all mixed modi
formed from the valid categorical syllogisms (e.g. Barbara rejected
by Aristotle) are also valid. Lukasiewicz justified these modi
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by means of his positive assertoric syllogistic and four-valued modal
logic, which contains some theorems unprovable in normal modal
calculi [Mapxun 2018, c.114].

In Middle Ages, when the distinction between de re and de dic-
to types of the modalities had been well-recognized and established as
a norm (custom) of intellectually respectable theorizing in logic, sys-
tematical discussing knotty interrelations between the two well-
separated types of modalities was progressively developed with re-
spect to main themes of philosophizing of that time [Knuuttila 2021;
Lagerlund 2022; Parsons 2014].

In contemporary literature accepting and following the medieval
distinction of de dicto and de re, profound investigations of the two
types of modalities can be found, for example, in [Prior 1952; Quine
1956; Kneale 1962; Kaplan 1968; Sosa 1970; Chisholm 1976; Burge
1977; Uemumes 1978; Lewis 1979; McKay 1991; Reimer 1995;
Salmon 1997; Jeshion 2002; Stanley 2002; Taylor 2002; Xine6anux
2003; 2004; Turner 2010; Keshet 2010; Roca-Royes 2011; Jlambepos
2011; Keshet, and Schwarz 2014; Kyaita 2010; 2016; Mapkun 2018;
Wierenga 2021; Inwagen, Sullivan, and Bernstein 2023; Nelson 2019;
2023; Schwitzgebel 2024] and in many other noteworthy writings on
modal logic, metaphysics, and philosophy of logic. Summarizing re-
sults of contemporary investigations of the relationship between mo-
dality types de dicto and de re, one is to affirm that there is no logic
equivalence between the two [Mapkun 2018, c.109]. Consequently,
it is quite natural to anticipate not the equivalence (interchangeability)
of the two, but its negation.

Hence, with respect to the habitual principle of logic separation of
de dicto and de re, the manifestly challenging (surprising and puz-
zling) title of present article is psychologically unexpected (at least
queer; requiring explanations). Therefore, at the very beginning, the
introduction to this article must clarify the ambiguous meaning of the
title. One of the possible meanings (namely, the implied at first) is cer-
tainly false, but there is another meaning (qualitatively different one)
to be defined precisely by means of the hitherto never published mul-
timodal axiomatic theory ®°*.

First necessary step on the way to adequate understanding the
paper title (destroying the illusion of its paradoxality, countedintui-
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tiveness) is attracting attention to the phrase “under the condition
of a-priori-ness of knowledge”. Unconditional affirming the equiva-
lence does make up a shocking paradox, but in the title under discus-
sion, the equivalence is affirmed not unconditionally, but under
a very special (even extraordinary) condition concerning knowledge.
What does this condition mean? How and by which means can one
decide whearther a knowledge is a priori or not? The answer is giv-
en by means of the mentioned multimodal formal axiomatic theory
®"® to be precisely defined below in this article. Certainly, this
is not a direct answer, but it is quite sufficient for the introduction.
More comprehensible and developed answer is to be given by the
present article as a whole.

However, already in the introduction, it is worth providing
at least some informal tips, vaguely formulated intuitive guesses con-
cerning the main direction in which the discourse is to move in this
paper. Which concrete facts and abstract conceptual materials are to be
taken into an account and kept in mind while approximating to the
promised precise axiomatic definition of the puzzling principle
of equivalence of de re and de dicto types of modalities?

To answer this quite reasonable question, it is worth taking into an
account the curious fact (influential tendency started since the begin-
ning of XX century) in history of philosophy of modal logic, namely;
(1) there is a propensity to locate de dicto modalities into the realm of
logic-and-sciences proper: (2) there is a propensity to locate
de re modalities into the realm of proper metaphysics (proper philo-
sophical ontology), axiology, and even theology [Inwagen, Sullivan,
and Bernstein 2023].

Modality d dicto is the modality of propositions (‘dictum’ means
proposition, or close enough). If modality were coextensive with mo-
dality de dicto, it would be at least a defensible position that the topic
of modality belongs to logic rather than to metaphysics. (Indeed, the
study of modal logics goes back to Aristotle’s Prior Analytics.)

But many philosophers also think there is a second kind of modal-
ity, modality de re — modality of things. (The modality of substances,
certainly, and perhaps of things in other ontological categories.)
The status of modality de re is undeniably a metaphysical topic, and
we assign it to the “new” metaphysics because, although one can ask
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modal questions about things that do not change — God, for example,
or universals — a large proportion of the work that has been done
in this area concerns the modal features of changing things [Inwagen,
Sullivan, and Bernstein 2023].

Thus, there is a curious (even somewhat elegant) analogy be-
tween the ordered couples <metaphysics-proper; positive-sciences-
proper> and <de-re-modalities; de-dicto-modalities>. Although,
in relation to the logic theory of quantification, Quine has a nega-
tive attitude to both de re and de dicto modalities, while reading his
writings on the theme, it easy to feel that his attitude to de re is
much worse than to de dicto: his rejecting de re is analogous to his
rejecting metaphysics: both are meaningless, from his point of view
[Kyaita 2010, c. 200-228; 2016, c. 150-177]. In this concrete rela-
tion, Quine has been not alone: many positivist-minded logicians
have believed that de re interpretation of modalities is a manifesta-
tion of essentialism which (according to them) is a kind of meta-
physics in the positivist meaning of the word [Xne6amun 2003,
c. 36, 39, 41]. It is highly likely that, at least at the level of subcon-
sciousness, just the anti-metaphysics is underlying Quine’s reso-
lutely negative attitude to combining the standard logic of quantifi-
cation with the logic of modalities. If one (for example [William-
son 2013]) is right, when the one considers modal logic as meta-
physics, then it is highly likely (and quite natural to anticipate) that
radical positivists are to reject if not all then at least some results of
combining quantifiers with modalities, especially with de re ones
[Kyaita 2010, c. 213, 215-217, 219-223; 2016, c. 168, 172,173].
It is not merely curious but also quite relevant to note here that the
fact-fixing statement “de re is less favorable” has been established
(demonstrated statistically) by an empirical investigation of belief
reports [Zhang and Davidson 2020].

The tendency completely to eliminate (exclude) de re type
of modalities from meaningful discourse is analogous to the positivist
tendency to eliminate metaphysics, axiology and theology from scien-
tific philosophy. The above-indicated facts induce a psychologically
unexpected hypothesis that, probably, there is a hidden (not quite evi-
dent) but essential link between mutually corresponding formal-
logical systems of de re modalities and formal-axiological systems of
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evaluation-functions making up the subject-matter of metaphysics-
proper understood (interpreted) as nothing but abstract formal axiolo-
2y (such an unhabitual hypothesis is formulated and investigated, for
instance, in [JloboBukos 2007; Lobovikov 2022]). Obviously, from the
traditional point of view, this is a somewhat strange guess. However,
in my opinion, this hypothesis is worth taking into an account and in-
vestigating carefully by the hypothetic-deductive method (I intend
to do this in the present article).

As the long and hard discussion about the significant difference
between modality-types de dicto and de re still goes on, I have decid-
ed to submit this paper formulating quite a new idea concerning the
problem. In the present paper, the new nontrivial idea (unexpected and
somewhat puzzling one) concerning modalities de dicto and de re
is represented by a new scheme of proper axioms of formal philoso-
phy (namely, AX-7) making up the novel formal multimodal axiomat-
ic theory @"%.

2. Methods

In the present article, the hypothetic-deductive method and
discrete mathematical modeling are exploited. Intentional con-
structing artificial languages and formal axiomatic theories pos-
sessing special properties is undertaken systematically. The artifi-
cial languages are used for precise defining formal axiomatic theo-
ries modeling multimodal proper philosophy systems. For obtain-
ing qualitatively new (hitherto never published) nontrivial
scientific results, some significant mutations (creating new species)
are made in some already existing (previously created) artificial
languages and formal axiomatic theories. For example, alphabets of
object-languages are enriched, definitions of terms and formulae
are changed, some (at least one) new axiom-scheme is added to the
set of proper-axiom schemes. Owing to such significant mutations
creating new species of formal axiomatic theories, qualitatively
new possibilities of formalization and interpretation appear and
new application domains are discovered.
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New Scientific Results

1.1. A New Logically Formalized Multimodal Axiomatic
Philosophy System ®"®

The hitherto never considered multimodal formal axiomatic theo-
ry ®"" is a result of significant mutation of the formal axiomatic epis-
temology-and-axiology-and-ontology theory ®+3 [Lobovikov, 2024).

For exact defining the formal theory ®", it is necessary to provide
exact definitions of the notions: “alphabet of object-language of ®°*”;
“term of ®°*”; “formula of ®°*; “axiom of ®"*”. Exact definitions of
these notions of ®"® are strikingly analogous (look similar) to the exact
definitions of the corresponding notions of ®+3, which definitions are
already utilized and published in [Lobovikov, 2024]. Therefore, one can
feel déja vu (strong sensation of analogousness) and fall into the identi-
ty illusion. Nevertheless, for the sake of rigor, in the present article,
it is necessary manifestly to give precise definitions of notions: “alpha-
bet of object-language of ®°%; “term of ®°*; “formula of ®°*; “axi-
om of ®”*”, in spite of the mentioned analogousness, as the words
“analogousness” and “identity” are not synonyms. Meanings of these
words are not logically equivalent. Notions of ®™® differ substantially
from the corresponding analogous (similar) notions of ®+3. Therefore,
it is reasonable to start with precise formulating definitions of those no-
tions which are indispensable for adequate comprehending this paper,
in spite of the false sensation that they are just repetitions of the already
published statements. Let us begin with precise defining the notion “ob-
ject-language-alphabet of ®°*”.

According to the below-provided definition (containing 11 items),
the alphabet of object-language of ®°® includes all the signs which
belong to the alphabets of object-languages of X, 2+C, X+2C, and
®-+3. But, the conversion of this judgement is not true, because,
in ®°%, some new signs are added to the alphabets of object-languages
of 2, ¥+C, £+2C, and ®+3. The result of such a significant change
(complementation) is the below-placed exact definition of the alphabet
of object-language of ®°*.

1) The lowercase Latin letters p, q, d (and the same letters pos-
sessing lower number indexes) are elements of the object-language-
alphabet of ®"*. Such and only such lowercase Latin letters are called
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“dictum variables”. In the object-language-alphabet of ®+3, not all
lowercase Latin letters are called dictum variables because, according
to the provided definition, such lowercase Latin letters which are ele-
ments of the set {g, b, e, n, X, v, z s, h, a, t, f} do not belong to the set
of dictum variables of object-language of ®"X.

2) The lowercase Latin letters s, h, a (and the same letters having
lower literal indexes: sy, hs, a,,) are elements of the object-language-
alphabet of ®"*. The mentioned lowercase Latin letters (and only
they) are called “dictum constants”.

3) The habitual proper (pure) logic symbols >,—,<>,&, Vv

13

called, respectively, “classical (or ‘material’) implication”, “classical
negation”, “classical equivalence”, “classical conjunction”, “classi-
cal non-excluding disjunction” are elements of the object-language-
alphabet of @,

4) Elements of the set {ID, P, K", ILID, H®, K, AP, EP, SP,
z°, G°, W®, o°, B®, C°, Y°, T°, F°, P®, ©, D", U, J”}, contain-
ing the signs [I°, ©P, the capital Cyrillic letters X and II{ having
upper literal index D, and some (but not all) capital Latin letters
possessing no number indexes but having upper literal index D (in-
dicating to “de dicto”), belong to the object-language-alphabet of
®P®. The mentioned elements of the alphabet are called “de-dicto-
modality-symbols” in ®°*. The de-dicto-modality symbol X" be-
longs only to the object-language-alphabets of ®+3 and ®°%.
The de-dicto-modality symbols I°, II[°, H®, Z°, and © belong ex-
clusively to the object-language-alphabet of ®°X.

5) Elements of the set {I%, [*, 2K~ LI}, HY, K&, A%, EX, S®, Z%,
G®, WX, Of, BY, C®, YR, TF, F®, P®, ©f, DX, U, J*}, containing the
signs [, ©F, the capital Cyrillic letters X and III having upper literal
index R, and some (but not all) capital Latin letters possessing no
number indexes but having upper literal index R (indicating to “de
re”), belong to the object-language-alphabet of ®"*. The mentioned
elements of the alphabet are called “de-re-modality-symbols” in ®°X.
The de-re-modality symbols KX, I}, [}, HY, Z*, and ©F belong ex-
clusively to the object-language-alphabet of "X,

6) The lowercase Latin letters z, y, x (and the same letters having
lower number indexes) belong to the object-language-alphabet of ®°F.
They are called “axiological variables” in ®"X.



A principle of equivalence of modalities de-dicto and de-re... 19

7) Also the lowercase Latin letters “b” and “g” belong to the ob-
ject-language-alphabet of ®°%. They are called “axiological con-
stants”.

8) The capital Latin letters C', K',K* E', E*, C*, A", C" B Dn, ...,
having number-indexes, are elements of the alphabet of object-
language of ®"%. These capital Latin letters are called “axiological-
value-functional-symbols”. The upper number-index #n (in these sym-
bols) means that the axiological-value-functional-symbol (indexed by
number n) is n-placed one. Generally speaking, axiological-value-
functional-symbols may possess no lower number-index. However,
if axiological-value-functional-symbols possess lower number-
indexes, then, if these indexes are different, then the indexed axiologi-
cal-value-functional-symbols are different signs.

9) The “round brackets”, namely, “(” and “)” belong to the ob-
ject-language-alphabet of ®"®. These auxiliary symbols are utilized in
the present article as usually in symbolic logic, namely, as pure tech-
nical signs.

10)The “square brackets”, namely, “[” and “]” belong to the
object-language-alphabet of ®°F. But, it is very important to em-
phasize here that the “square brackets” (in contrast to the “round
ones”,) are exploited in ®°® not as the auxiliary (pure technical)
signs, but as ontologically meaningful symbols. Being a psycholog-
ical surprise, such unhabitual (odd) using the “square brackets”
makes some psychological difficulty, because, for common people
using natural language in everyday life, square brackets and round
ones seem identical and, as a rule (statistic norm) the two kinds of
brackets are exploited (in natural language of common people)
as synonyms. However, in contrast to natural language of common
people, in the artificial object-language of ®°%, the two species of
brackets possess qualitatively different meanings. They play sub-
stantially different roles in ®°*: round brackets are used as purely
technical (auxiliary) signs; on the contrary, usage of square brack-
ets has an ontological meaning (very important one). The ontologi-
cal meaning of the inhabitual (even odd) usage of square brackets
in the artificial object-language of ®°¥, is exactly defined below in
that special part of the present article which (part) is devoted to ex-
act defining semantics of object-language of ®°*. However, even
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at the purely syntactic level of the object-language of ®°%, square-
bracketing plays a significant role in giving precise definition
of/for the concept “formula of ®°*”. (This precise definition is to
be given below in the present section of the given article.) Moreo-
ver, the unusual utilization of square brackets plays an important
role also in the precise formulations of some schemes of axioms of
®PR.” (These formulations of axiom-schemes are placed below also
in the present section of the given article.)

11) An inhabitual (odd) complex symbol “=+=" (composed of the
habitual symbols) belongs to the object-language-alphabet of ®°F.
The symbol “=+=" is called (a sign of) “formal-axiological equiva-
lence”. The strange compound sign “=+=" plays a very important role
in the precise definition of the notion “formula of ®°*” and also in the
precise formulations of some schemes of axioms of ®"%.

12) A symbol belongs to the object-language-alphabet of ®"%,
when and only when the symbol is an element of that alphabet due to
the above-formulated points 1) — 11) of this definition.

Any finite queue (succession) of signs is called “an expression of
®"®, when and only when that queue contains such and only such
signs which belong to the object-language-alphabet of ®"X.

A precise definition of the concept “term of ®°* is the following.

1) the axiological variables (mentioned in the above-given defi-
nition of object-language-alphabet of ®"*) are terms of ®°X.

2) the axiological constants (mentioned in the above-given defi-
nition of object-language-alphabet of ®°) are terms of ®"%.

3) the dictum variables (mentioned in the above-provided defini-
tion of object-language-alphabet of ®°*) are terms of ®°*.

4) the dictum constants (mentioned in the above-provided defini-
tion of object-language-alphabet of ®"%) are terms of ®"%.

5) If ®\"is an n-placed value-functional symbol (belonging to the
above-provided definition of object-language-alphabet of ®"%), and
t, ... tyare ferms of ®°X, then any expression having the form
®. ¢, ... t,is a term of O}, (Here, it is worth keeping in mind that
symbols t; ... t, belong not to the object-language but to the meta-
language as they stand for any terms of ®°*; the similar note is worth
keeping in mind with respect to the symbol ®," also belonging to the
meta-language of ®°X.)
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6) When t, is a term of ®"%, and the sign ¥ (belonging to the
meta-language of ®"*) stands for a (any) modal-symbol belonging to
the set {I%, (X, KX, HY, K®, AR, E®, S®, zX, X, E®, PR, ©F, D®, CF,
YX, GX, W, OF, B, U®, J®}, then all such object-language expres-
sions of ®"%, which (expressions) have the form Pt,, are terms of
®"®. Here, it is worth taking into an account, that, strictly speaking,
the expression possessing form Pt, is not a term of ®"%, but
a scheme of terms of ®°%. (Thus, de-re modalities applied to terms
make up new terms.)

7) Any expression of the object-language of ®°%, is a term of
®"®, then and only then, when this is so due to the points 1) — 6) of
the given definition.

Now, the pure-syntax aspect of the abstract notion “ferm of ®°*”
is perfectly defined. Hence, now it is appropriate to move on to exact
definining the pure-syntax aspect of the abstract notion “formula of
®"®. To accomplish this move correctly, let us make an agreement
that in the given article, lowercase Greek letters w, 3, and o (belong-
ing to meta-language of ®"*) stand for any formulae of ®"%. Taking
this agreement into an account, it is possible to formulate the below-
placed precise definition of the notion “formula of ®"*”.

1) All such lowercase Latin letters which are named “dictum var-
iables”, and also all such lowercase Latin letters which are named
“dictum constants”, are elements of the set of formulae of ®°X.

2) When o and B are formulae of ®"% then all such object-
language expressions of ®°F, which (expressions) have the forms
(0 &B), (avPB),(a>B), (o< P),—a, are elements of the set of for-
mulae of ®"* as well.

3) When t; and t, are terms of ®"®, then (t;=t=1ty) is a formula
of ®°R.

4) When t; is a term of ®", then [t] is a formula of ®"%.

5) When a. is a formula of ®"*, and the sign ¥ (belonging to the
meta-language of ®°*) stands for a (any) modal-symbol belonging to
the set {I°, 0P, 2K°, II1°, H”, K°, A, E®, SP, Zz°, T°, F°, P°, ©", D",
C°, Y°, G, WP, O°, B®, UP, J”}, then all such object-language ex-
pressions of @}, which (expressions) have the form W, are formulae
of ®"®. Here, it is worth taking into an account, that, strictly speaking,
the expression possessing form Wo is not a formula of ®°X, but
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a scheme of formulae of ®°%. Thus, de-dicto modalities applied to
formulae make up new formulae. This is a significant syntactic differ-
ence between the modalities de dicto and de re (in ®°%). The first ones
are applied to formulae while the second ones are applied to terms.

6) Finite successions (queues) of symbols belonging to the ob-
ject-language-alphabet of ®°® are formulae of ®°X, if and only if this
is so due to the points 1) — 5) of this definition.

This concrete part of the article is intentionally reduced exclu-
sively to syntactic meanings of object-language-expressions of ®°X.
Therefore, the set of de-dicto-modal-symbols {ID, P, K", ILID, HP,
K®, AP, E°, sP, z°, T, E®, P®, ©°, D®, C®, Y, G°, W°, O°, B®, U®,
JP} and the set of corresponding de-re-modal-symbols are consid-
ered here as nothing but sets of extremely short names. The sign I”
(Latin letter «I» possessing the upper literal index D informing that
the modality belongs to the type called “de dicto”) is a name of/for
the newly introduced philosophical-ontology modality “it is immuta-
ble (constant, does not undergo a change) that ...”. The sign [I° is
a short name for the well-known de dicto modality “it is necessary
that ...”. The sign X" (Cyrillic letter 2K possessing the upper literal
index D) is a short name of/for the de dicto philosophical-ontology
modality “what is indicated-and-described by the dictum ..., exists”.
(This unhabitual de-dicto-modality has been introduced originally in
[Lobovikov 2024].) The sign II[° (Cyrillic letter II] possessing the
upper literal index D) is a short name of/for the de dicto philosophi-
cal modality “it is essential (or it is an essence) that ...”. (Hence,
at least some of the nontrivial problems of the essentialism can be
modeled in ®°X.)

Here it is worth highlighting that the symbols K" and I” (denot-
ing the ontological modalities de dicto) do not belong to the object-
language-alphabets of X, X+C, +2C, ®. The formal theory ®°®
is an outcome of adding the symbols I°, II[°, H®, Z°, and ©" to the
set of de-dicto-modality-symbols belonging to the object-language-
alphabet of ®+3. Also, it is worth highlighting here that, in contrast
with the object-language-alphabets of %, Z+C, 2+2C, ®, and ®+3,
the modality signs in ®"® possess upper literal indexes D or R in-
forming that the indexed symbols stand, respectively, for de-dicto or
de-re modality types.
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The symbols H°, K°, E°, AP, S°, z°, T°, F°, P®, ©°, D°, Y, C",
respectively, denote the following modal expressions: “it is impersep-
tible (sensually unverifyable, inaccessible to the senses) that...”;
“agent Knows that...”; “agent Empirically (a-posteriori) knows
that...”; “agent A-priori knows that...”; “in some fixed time-and-
space, under some special conditions, an agent has a Sensation (either
by means of some instruments, or immediately), that...”; “in some
fixed time-and-space, under some special conditions, (either immedi-
ately, or by means of some instruments) an agent changes what is de-
scribed by the dictum that ...”. “it is True that...”; “agent has Faith
that... (or person believes that...)”; “in a con51stent theory, it is Prov-
able that...”; “it is Constructive that...”; “it 1s Decidable that...”;
“it is Complete that ...”; “it is Consistent that..

The symbols GD, WD, oP, B, UP, J°, respectlvely, denote the fol-
lowing modal expressions: “it is Good (perfect in moral sense)
that...”; “it is Wicked (bad in moral sense) that...”; “it is Obligatory
(or it is a duty) that ...”; “it is Beautiful (perfect in aesthetic sense)
that ...”; “it is Useful (beneﬁc1a1) that ...”; “it is a Joy (pleasure, glad-
ness, happiness) that ...”. In this concrete part of the article, purely
syntactic meanings of the de-dicto-modality-symbols are precisely de-
fined by the below-placed schemes of proper-formal-philosophy-
axioms of the multimodal system ®"*. Obviously, the axiomatic defi-
nition is not manifest (direct) one, but, nevertheless, it is quite exact
and sufficient for precise philosophizing.

In the logically formalized multimodal philosophy system ®°%,
the proper axioms of universal philosophical epistemology, formal
philosophical onfology, and abstract formal axiology are combined
with pure logic axioms which (axioms of logic-proper) are obviously
analogous to the axioms of classical propositional logic (let it be
called PL). Thus, pure-logic axioms and logical derivation rules of
®"® are substantially analogous to the ones of classical PL calculus.
Certainly, the analogousness is not an absolute identity as sets of for-
mulae of PL and ®"® are different.

The well-known proper logic meanings of the classical proposi-
tional-logic-connectives represented by habitual signs —, &, <>, v,
and D, which (signs) are exploited in the below-provided axiom-
schemes of @, are precisely defined, for instance, in [Kleene 1957;
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1973]. Schemes of axioms and logic-derivation rules of classical PL
calculus are also well-defined in [Kleene 1957; 1973]. Therefore,
let us abstain from repetition of the well-known, and concentrate on
actually original aspects of ®°%.

While comparing formal theories ®+3 and ®"%, one can come to
the fruthlike conclusion that corresponding definitions of their basic
notions are completely identical. But, strictly speaking, being actually
analogous they are not identical. Analogousness is conjunction of
similarity and difference. (This very important statement is well-
demonstrated visually by the relevant hexagon and square of opposi-
tion modeling graphically the logical relations among notions “differ-
ence”, “identity”, “similarity”, and “analogousness” [Beziau 2015].)
Being similar, ®+3 and ®"® have different alphabets of their object-
languages and, hence, different sets of artificial-language expressions,
different sets of terms (and, hence, different sets of formulae), different
sets of proper axioms, and, hence, different sets of theorems. Thus,
even at the syntaxis level, ®+3 and ®"® are qualitatively different ax-
iomatic theories.

In the present section of the paper, the syntactic meanings of the
modality signs and of the other symbols belonging to the alphabet of
object-language of ®"* are defined precisely by the below-located
list (AX-1 — AX-11) of schemes of proper-philosophy (ontology,
epistemology, axiology) axioms of ®"%. (Obviously, the axiomatic
definition of proper-philosophy notions, namely, universal epistemo-
logical, ontological and axiological concepts is not a manifest defini-
tion. Notwithstanding, it is perfectly exact one.) When a, 3, o are
formulae of ®°*, then all such (and only such) expressions of the ob-
ject-language of ®°F, which have the following logic forms, are
proper-axioms of ®°}.

Axiom scheme AX-1: Ao o (Q°B o p).

Axiom scheme AX-2: Ao o (Q°(a. o B) 2 (Q°a o Q°p)).

Axiom scheme AX-3:

AP0 & (Ko & (—0P—0 & —0PSa & LP(B <> Q°P))).

Axiom scheme AX-4:

E o < (K o & (0°—a v 0°Sa v —[P(B <> Q°B))).

Axiom scheme AX-5: Qo 5 0 a.
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Axiom scheme AX-6: (L°B & [1°QPB) > B.

Axiom scheme AX-7: APa 5 (Q"[t] < [Q"t]).

Axiom scheme AX-8: (t;=+=t,) <> (G"[t;]] &> G"[t]).

Axiom scheme AX-9: (t;=+= g) > [°G"[t,].

Axiom scheme AX-10: (t;=+=b) > L°W"[t,].

Axiom scheme AX-11: (G o &> =WPa).

Definition scheme DF-1: when . is a formula of ®°%, then 0 a. is
a name of/for —[1°—a.

In AX-1, AX-2, AX-3, AX-4, AX-5, AX-6, and AX-7, the sign QP
(belonging to the meta-language of ®°*) denotes a (any) “perfection
modality de dicto” exclusively. Not all the above-mentioned de dicto
modalities are called “perfection ones”. (It is possible to call them
merely “perfections de dicto”.) The set AP of symbols denoting perfec-
tion-modalities de dicto is the following {3k°, ©°, K, D°, F°, C°, Y",
P®, J°, T°, B, G, UP, O°, 111°, H®, 1, [I°}. Obviously, A” is only
a subset of the above-mentioned set of all symbols denoting de dicto
modalities under consideration in this article. For instance, W°, SP,
ZP, and 0 are signs of such de dicto modalities, which are not de dic-
to perfections.

In AX-7, the sign Q% (belonging to the meta-language of ®"F)
denotes a (any) “perfection modality de re” exclusively. The set A of
symbols denoting perfection-modalities de re is the following {3K",
o8, K&, D}, F*, C®, YR, PR IR, TR, BR, G®, UX, Of, III®, HY, I}, (%),
It is easy to see that there is a one-fo-one corespondence between ele-
ments of the sets A” and A® of perfection modalities.

Evidently, all the above-said is semantically meaningless; in any
relation to such things, which are external to @}, all the above-given
exact definitions make no sense as they are purely symtactic ones.
However, this is not an outcome of absentmindness (or a delinquency
committed by negligence) but such a scientific abstraction which is
deliberately accepted on purpose. The intentionaly admitted scientific
abstraction is perfectly resonable, when and only when, its adequate-
ness domain is well-defined. Therefore, to make the present article
text as a whole perfectly meaningful, now I have to leave the above-
defined syntaxis of the artificial language of ®"® for a hitherto com-
pletely unknown (absolutely undefined) semantics of that artificial
language.
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1.2. Moving from Syntaxis of the New Formal Multimodal
Axiomatic Theory ®DR to its Semantics

The above-placed section 3.1 of this paper, presents the purely syn-
tactic definition of ®"%, which has been intentionally deprived of its
relevant philosophical contents (due to the accepted scientific abstrac-
tion). The formal-philosophy axiomatic system ®°® is a multimodal
one, but hitherto concrete contents of the modalities under consideration
have been revealed not sufficiently; the theory ®"* has been considered
as an exactly formal theory. Now, in the given part of the paper, namely,
in the section 3.2, I am to relax the formality of ®°® by shifting imme-
diately to concrete philosophical contents of the above-mentioned mo-
dalities studied in ®"%. In the present paper it is implied that semantic
meanings of the habitual artificial-language signs of classical symbolic
logic are already introduced and well-defined owing to relevant hand-
books. As the quite clear semantic meanings of the relevant proper-logic
symbols are well-known, it is redundant to define them here. But, such
unusual (inhabitual, perhaps, very odd) signs of the artificial language
of ®"%, which are exploited systematically in the proper-philosophy-
axioms (ones of epistemology, ontology, etc.), require special introduc-
tion and precise definition of their semantic meanings.

Meanings of the lowercase Latin letters q, p, d (and of the same let-
ters possessing lower number indexes) named “dictum-variables” are
analogous to the meanings of the habitual “propositional variables”.
But there is a substantial difference: in ®"X, values of “dictum varia-
bles” belong to the set of dictums, to which (set) not only all true or
false sentences (statements) but also all true or false theories (logically
organized systems of propositions) belong. Thus, generally speaking,
the dictum-variables range over the set of either true or false dictums.
If an interpretation of ®°* is provided (well-defined), then a dictum-
constant means (in the given interpretation) quite a definite (perfectly
fixed) element from the set of dictums, namely, either a concrete true or
false sentence (statement) or a concrete true or false theory.

According to the habital (statistical) linguistic norm (custom rule),
from the Latin language, “dictum ” is to be translated as “an expression
of (a thought ...) in words”, for example, as “a proposition (sentence)
q”, or “an affirmation of (...)”. But, there is a heuristically important
possibility deliberately to shift from “affirmation of (a proposition ...)”
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to a significantly more general “affirmation of (a proposition ..., or
a theory ...)” as along with uttering separate statements, one can affirm
also a theory (logically organized system of statements). As the indicat-
ed innovative generalization is accepted, in this paper, it is presumed
(as a hypothesis wothy of investigation) that a theory is also a dictum.
Hence, attaching de-dicto-modalities XK (existence), C (consistency),
T (truth), Y (completeness), and D (decidability) to theories is vindicat-
ed in ®°*. Relevant information of modalities de-dicto and de-re, along
with interesting philosophical discussing their interconnections, can be
found, for example, in [Kneale, 1962; llenummes, 1978].

Defining semantic meanings of formal-language-expressions
is defining an interpretation-function. For defining the interpretation-
function, it is necessary to define precisely: (1) such a set which
is called “realm (or domain) of interpretation” (hereafter the letter M
denotes the set which is the domain of interpretation); (2) an “assessor
(valuator)” V. If a standard interpretation of ®"* is fixed, then, by def-
inition, M is such a set, each element of which possesses: (1) one and
only one proper axiological value belonging to the set {good, bad},
and (2) one and only one proper ontological value belonging to the set
{exists, not-exists}.

The axiological variables (x, y, z, Xt, Y, Zi, ...) take their values
from the domain of interpretation (M).

The axiological constants “b” and “g” denote abstract axiological
values “bad” and “good”, respectively.

Valuating an element belonging to M by a definite (fixed) asses-
sor V is nothing but ascribing an axiological value [either g (good), or
b (bad)] to the element. The assessor V may be either an individual or
a collective (it does not matter). Certainly, any change of V can result
in a change of some (relative) evaluations, nevertheless, such muta-
tions cannot change the set of absolutely immutable formal-
axiological laws of two-valued algebra of metaphysics (as formal axi-
ology), which absolutely universal laws are not relative but absolute
moral evaluations. The laws in question are constant valuation-
functions possessing the axiological value “good” under any combina-
tion of the values of their arguments. Although V is such a variable,
values of which belong to the set of all possible assessors (interpret-
ers), any well-defined interpretation of ®°® necessarily implies that
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the value of assessor-variable V is fixed. Any change of value of
V means a change of interpretation.

In the given paper, “e” and “n” denote “... exists” and “... not-
exists”, respectively. The lowercase Latin letters “e” and “n” are called
“ontological constants”. In any standard interpretation of ®"%, by def-
inition, one and only one element of the four-element-ed set {{g, n},
{g, e}, {b, n}, {b, e}} corresponds to every element of the domain of
interpretation (the above-introduced set M). That is why ®"* may be
considered as a formal semantic representation (discrete mathematical
model) of an important truth existing in “Meinong’s jungles”
[Meinong, 1960], [Russell, 1905; 1941; 1992], [Jacquette, 1996; 1997,
2015], [Marek, 2022], [Parsons, 1980; 1982], [Perszyk, 1993], [Berto,
2012], [Berto, and Priest, 2014], [Routley, 1980], [Zalta, 1983]. The
lowercase Latin letters “e” and “n” belong to the alphabet of meta-
language. They do not belong to the alphabet of object-language of
®"®, according to the above-given definition (of the alphabet). Not-
withstanding, “e” and “n” are represented in the object-language
of ®"® indirectly by means of square-bracketing: the ontological
statement-form “t; exists” is represented by formula [t;]; the ontologi-
cal statement-form “t; does not exist” is represented by formula —[t;].
This implies that square-bracketing is a very important aspect of pre-
cise defining the proper philosophical semantics of ®°.

From the viewpoint of formal modal logic of values, preferences,
and assessments, the axiom schemes AX-11 and AX-12 are quite clear
and obvious. In contrast to them, the almost unknown (extraordinary,
aunhabitual) nontrivial axiom-schemes AX-8, AX-9, AX-10 represent not
the symbolic formal logic of (evaluative modal) judgements but a symbol-
ic formal axiology — general theory of abstract-value-forms of any (either
existing or not-existing) things. (This is an option of systematical rational-
izing Meinongianism, or a special kind of its being quite consistent.) The
concept “symbolic formal-logic” is not identical (logically) to the concept
“symbolic formal-axiology”, hence, “formal-logic inconsistency” and
“formal-axiological inconsistency” are not synonyms.

In my opinion, the above-said (of “t; exists” and “t; does not
exist”) is an adequate formal semantic representation of the ex-
traordinary doctrine uniting existent and nonexistent objects in one
system of philosophical ontology [Fine, 1984; 1985], [Hintikka,
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1984], [Jacquette, 1996; 1997; 2015], [Marek, 2022], [Parsons,
1980; 1982], [Perszyk, 1993], [Priest, 2005], [Reicher, 2022],
[Smith, 1985], [Zalta, 1983].

N-placed terms of ®°® are interpreted as N-placed evaluation-
functions defined on the set M. To exclude possible misunderstand-
ings produced by concept confusions, it is worth noting here that
the word combination “evaluation function” is used in this paper in
three qualitatively different meanings which are precisely defined
as follows.

(D) any function is called an “evaluation-function”, if and only if
the function takes its values from the set of axiological values
{g (good), b (bad)}.

(II) a function is called “mixed evaluation-function”, if and only
if the function takes values from the set of axiological values
{g (good), b (bad)}, and its variables take their values from the set
M. Hereafter the symbol Y shall stand for the mixed evaluation-
functions (mappings in the proper mathematical meaning of the word
“mapping”): M" — {g (good), b (bad)}.

(IIT) a function is called “pure evaluation-function”, if and only
if the function takes its values from the set of axiological values
{g (good), b (bad)}, and variables of the function take their values
from the same set.

Speaking of exactly the pure evaluation-functions I mean the fol-
lowing mappings:

{g, b} — {g, b}, if one speaks of the evaluation-functions deter-
mined by one evaluation-argument;

{g, b}x{g, b} — {g, b}, where “x” stands for the Cartesian prod-
uct of sets, if one speaks of the evaluation-functions determined by
two evaluation- arguments;

{g, b1 — {g, b}, if one speaks of the evaluation-functions deter-
mined by N evaluation-arguments, where N is a finite positive integer.

It is well-known that in the two-valued algebraic system, there are
exactly 4 one-placed pure evaluation-functions and exactly 16 two-
placed pure evaluation-functions. But it seems that this well-known
information contradicts logically to the below-located tables 1 and
2 possessing more than 4 columns. The illusion of paradox is a result
of the fact that the number of columns is equal to the number of mixed
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evaluation-functions under definition by the tables. Identifying and
substituting for each other the pure and the mixed (evaluation func-
tions) is the cause of/for the paradox illusion to be excluded. The logi-
cally different notions of the pure and the mixed (evaluation functions)
must be distinguished systematically.

The concept “one-placed evaluation-function” is instantiated be-
low by Table 1. (Here it is relevant to note that hereafter the upper lit-
eral index R standing immediately after a capital letter implies that
this letter stands for such an evaluation-function which is a modality
de re.) Precise dtfining the interpretation of de re modalities as one-
placed evaluation-functions is accomplished by the below-located ta-
bles 1 and 2.

Table 1
Interpretation of de re modalities as unary evaluation-functions

Vi PR INS VR EoRe [V [ NeRe [VE R IV PR INFR I DR INGR IV B

gl g | b | gleg|b |l g | g | eg|eg|leg|le]|c¢
bl b | g |b|b|lg|b|b|[b|b]|b]|b]|ob

By Table 1, the one-placed term JKx is interpreted as one-placed
evaluation-function “existence, being of (what, whom) x”. The one-
placed term N"x is interpreted as one-placed evaluation-function
“nonexistence, nonbeing of (what, whom) x”. The sign [*x stands in
standard interpretation for “necessity of (what, whom) x”. The sign ¢"x
stands in standard interpretation for “possibility of (what, whom) x”.
The symbol V*x — “volatility, mutability, changeability of (what,
whom) x”, or “possibility of a change of (what, whom) x by an agent,
under some conditions”. ©"x — “constructivity or constructiveness of
x, i.e. possibility of construction of x”. K*x — “knowledge of (what,
whom) x, i.e. acquaintance with (what, whom) x. P*x — “proof (evi-
dence) of (what) x”, or “basis for accepting x (means of/for forcing to
accept) x”. F* — “faith, belief, trust in (what, whom) x”. D*x — “algo-
rithm of/for construction of (what, whom) x”. G*x — “positive moral
value (goodness) of (what, whom) x”. B*x — “positive aesthetic value
(beauty) of (what, whom) x”.
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Table 2
Interpretation of de re modalities as one-placed valuation-functions

Vx WWRxNURx|NIRx INTRx|NCR|NYRx INIRx | NSRYNHRX N ZRX WL RX | NARX

g| b | g | eg| g | g | eg|eg|b]| g |b]| g |b
b| g | b | b | b | b | b |b| g | b | g ]| b

By Table 2, the one-placed term W*x is interpreted as unary eval-
uation-function “negative moral value (badness, evilness, wickidness)
of (what, whom) x”. U’x — “positive utilitarian value (utility) of (what,
whom) x”. J*x — “positive hedonistic value (pleasantness) of (what,
whom) x”, in other words, “happiness with, or joy from (what, whom)
X7, T — “truth of x, or “truthfulness (adequateness, rightness, auten-
ticity) of x”. C*x — “consistency of . Y*x — “completeness of . I'x —
“immutability, unchangeability, constantness of (what, whom) x”, or
“impossibility of a (any) change of (what, whom) x by an agent”. $*x —
“an agent’s sensation of (what, whom) x”, or “feeling (what, whom)
x by an agent (under some conditions, either immediately, or by means
of some instruments)”. . H'x — “imperseptibility of (what, whom) x”,
or “x 5 being imperseptible (sensually unverifyable, inaccessible to the
senses) for/by any agents under any conditions”. (In other words,
H" is interpreted as “impossibility of $x”.) Z*x — “a change of (what,
whom) x by an agent (either immediately, or by means of some in-
struments), in some fixed time-and-space, under some special condi-
tions”. (Hence, I"x is interpreted as “impossibility of Z%x.) II[*x —
“essence of (what, whom) x”. *x — “appearance, phenomenon of
(what, whom) x”.

Although today logicians are quite reconciled with (and even used
to) talks of truth as modality de dicto [Wright 1996; Wolenski 2016],
they are not used to talks of truth as modality de re. (Therefore, Tx is
an odd thing for them.) However, sometimes not only “grass-roots”
but also selebrated thinkers use the word “truth” in such meaning
which is de-re-modality one. Look, for example, into the following
wonderful citation from G. W. Leibniz’ “On the Ultimate Origination
of Things”, interesting comments to which (citation) can be found in
[Geretto 2016, p. 617-632].
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“These considerations must be held to be not only pleasing and
consoling, but most true. I think that in the universe nothing is truer
than happiness, nor is anything happier or sweeter than truth” [Leibniz
1989, p. 154]. This wonderful citation demonstrates that not only the
above-defined (by Table 2) de re modaliteies T* and J® understood as
evaluation-functions, but also their compositions T°J% and J*T* have
been discussed by Leibniz. Thus, not only talks of truth as a modality
de dicto but also talks of truth as a modality de re are vindicated.

The concept “binary evaluation-function” is exemplified below
by Table 3. In the given article, the upper index 2 standing immediate-
ly after a capital letter implies that the letter denotes a binary evalua-
tion-function.

Table 3
Definition of interpretation of the binary evaluation-functions
\x \/y \/Nny \/Kny \/S2xy \/Eny v V2xy \/A2xy \/X2xy \/Tny \/Z2xy \/P2xy \/Cny
glg| b | g g|blg|b | b|bjg|eg
g|b| b b g | b g | g | b b | b g b
bjg)b | b |lg|blg|lg|g|g|g|b|g
b|b| g b g | g | b | Db b b | b g g

In Table 3, the two-placed term N’xy is interpreted as binary
evaluation-function “realizing neither x nor y”; the two-placed term
K’xy is interpreted as binary evaluation-function “uniting x and y”,
or “joint being of x with y”, or “being of both x and y together”. The
two-placed term S’xy is interpreted as binary evaluation-function
“split, separation, disengagement, discommunication between x and y.
E’xy — “equivalence (identity of values) of x and y”. V’xy — “choos-
ing and realizing such and only such an element of the set {x, y},
which is: (1) the best one, when both x and y are good; (2) the least
bad one, when both x and y are bad; (3) the good one, when x and
y have opposite values. (Thus, V’xy means an excluding choice and
realization of only the optimal between x and y.) The term A’xy is in-
terpreted as the binary evaluation-function “realizing a not-
excluding-choice result, i.e. (1) realizing K’xy when both x and y are
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good, and (2) realizing V’xy otherwise”. X’xy — evaluation-function
“joint being of y with nonbeing of x”, or “y’s being without x”.
T’xy — “termination of x by y”. Z’xy — “y’s contradiction to (with)
x”. P’xy — “preservation, conservation, protection of x by y”. C’xy —
evaluation-function “y § existence, presence in x”. Additional instan-
tiations of the concept “binary evaluation-function” can be found in
[JTo6oBukos 2007; Lobovikov, 2022].

For excluding possible psychological-linguistic illusions and con-
ceptual confusions, now it is quite opportune and perfectly relevant to
highlite that in a standard interpretation of ®°X, the symbols JK"x,
N, B, Utx, J*x, N’xy, K’xy, §°xy, A*xy denote not some predicates
but some n-placed evaluation-functions. When a standard interpreta-
tion of ®"® is provided, then such object-language expressions of
®"®, which (expressions) have the forms (t=+=t), (t=+=g), (t=+=b),
represent some predicates in ®°%.

According to semantics of ®"%, when t; is a term of ®"%, then, if
a formula of ®°®, possessing the form [t;], is interpreted, then the
mentioned formula represents (in the given interpretation) an either
false or true proposition having the form “t; exists”. Thus, according
to the definition, in any standard interpretation, any formula [t;] is true
then and only then, when t; possesses the ontological value “e (exists)”
in the given interpretation. Also, in any standard interpretation of ®°%,
any formula [t;] is false, then and only then, when t; possesses the on-
tological value “n (not-exists)” in the given interpretation.

By definition of semantics of ®", in a standard interpretation of
®"®, the formula scheme (t;=+=t,) is a proposition possessing the
form “t; is formally-axiologically equivalent to t,”; this proposition is
true if and only if (in that interpretation) the terms t; and t, obtain iden-
tical axiological values (from the set {good, bad}) under any possible
combination of axiological values of their axiological variables.
In other words, by definition, (t;=+= t,) iff (\Nt;= V).

By definition of semantics of ®"%, in a standard interpretation
of ®°F, the formula scheme (t;=+="b) is a proposition having the
form “t; is a formal-axiological contradiction” (or “t; is formally-
axiologically, or invariantly, or absolutely bad”); this proposition
is true if and only if (in that interpretation) the term t; acquires axi-
ological value “bad” under any possible combination of axiological
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values of the axiological variables. In other words, by definition,
(t;=+=b) iff (Vt;=b).

By definition of semantics of ®", in a standard interpretation of
®"®, the formula scheme (t;=+= g) is a proposition having the form
“t; is a formal-axiological law” (or “t; is formally-axiologically, or in-
variantly, or absolutely good”); this proposition is true if and only if
(in the interpretation) the term t; acquires axiological value “good”
under any possible combination of axiological values of the axiologi-
cal variables. In other words, by definition, (t=+= g) iff (\t;= g).

Concerning the above-given definition of sematic meaning of
(ti=+=t,) in ®"%, it is indispensable to highlight the important linguis-
tic fact of homonymy of the words “is”, “means”, “implies”, “entails”,
“equivalence” in natural language. On the one hand, in natural lan-
guage, these words may have the well-known formal logic meanings.
On the other hand, in natural language, the same words may stand for
the above-defined formal-axiological-equivalence relation “=+=7,
This ambiguity of natural language is to be taken into an account; the
different meanings of the homonyms are to be separated systematical-
ly; otherwise the homonymy can head to logic-linguistic illusions
of paradoxes.

Owing to the above-provided definition of proper philosophi-
cal semantics (formal-ontological-and-formal-axiological one)
of/for the formal theory ®"®, readers can easyly notice that the
above-defined algebraic system of metaphysics as formal axiology
plays the role of such a theory of relativity of assessments, in which
(relativity theory), the laws (formal-axiological ones) of that alge-
braic system are nothing but constantly-good evaluation-functions.
Speaking differently, the absolutely universal and immutable laws
of valuation-relativity are invariants in relation to all possible
changes of valuator (interpreter) V.

Systematically using the above-provided definitions, one can gen-
erate (and examine) the following philosophically interesting formal
inferrence in ®"® from the assumption A a.

1) APa > (Q°[t] < [Q%]): axiom scheme AX-7.

2) APo: assumption.

3) (Q°[t] < [QRt]): from 1 and 2 by modus ponens.
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4) [°[x] « [[’x]: from 3 by substituting: [] for €; x for t.
Into the natural language, 4) is translated as follows: it is necessary
that x exists, if and only if there is a necessity of x.

5) K”[x] <> [K*x]: from 3 by substituting: K for Q; x for t.
Into the natural language, 5) is translated as follows: an agent knows
that x exists, iff the agent’s knowledge of x exists.

6) F’[x]<> [F*x]: from 3 by substituting: F for Q; x for t.
Into the natural language, 6) is translated as follows: an agent believes
that x exists, iff there is the agent’s belief in x.

7) D°[x] <> [D®x]: from 3 by substituting: F for Q; x for t.
Into the natural language, 7) is translated as follows: there is an algo-
rithm of/for deciding that (x exists), iff there is an algorithm of/for im-
plementation (construction) of x.

8) G°[x] &> [G"x]: from 3 by substituting: G for Q; x for t.
Into the natural language, 8) is translated as follows: it is (morally) good
that (x exists), iff a moral goodness (positive moral value) of x exists.

9) B"[x] <> [B*x]: from 3 by substituting: B for Q; x for t,. Into
the natural language, 9) is translated as follows: it is beautiful that
(x exists), iff a beauty (positive aesthetic value) of x exists.

10)UP[x] <> [U®x]: from 3 by substituting: U for Q; x for t,.
Into the natural language, 10) is translated as follows: it is useful that
(x exists), iff a use (utility) of/from x exists.

11)J°[x] <> [J®x]: from 3 by substituting: J for Q; x for t.. Into
the natural language, 11) is translated as follows: it is a pleasure,
joy, happiness that (x exists), iff there is a happiness, joy, pleasure
of/from x.

In my opinion, from the viewpoint of formal philosophy proper,
the above-considered (hitherto never published elsewhere) option
(direction) of investigating interconnection of de dicto and de re types
of modalities is worth developing further.

1.3. Conditions of Truth of/for Formulae of ®DR
in Standard Model of/for It

Concerning the important problem of proper-logic sematic status
(truth-related one) of moral-legal evaluations, i.e. statements of moral-
legal value (which evaluations are also either good or bad moral-legal
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acts according to the bivalent ethics and theory of the natural law),
it is worth taking into an account formal-axiological equivalences
(K™ =+=x) and (C*x =+=x), in which meanings of terms x, JK*x and
C* belong to the above-defined set M (named “interpretation do-
main”). When an interpretation of ®"" is defined, then every element of
M obtains one and only one of the values belonging to the four-element-
ed set of two-element-ed sets {{g, n},{g, e}, {b, e}, {b, n}}. Probably,
it is worth recalling here that: “g” stands for “good”; “b” stands for
“bad”; “e” stands for “exists”; “n” stands for “not exists”.

From the above-defined viewpoint, it is evident that formal-
axiological equivalences (JK*x =+= x) and (C*x =+= x) are essential-
ly similar (significantly analogous) to the well-known formal-logical
tantamount-ness ((It is true that p) = p), considered systematically in
the logical semantics by Tarsky. However, in this relation, it is very
important to take into an account that, strictly speaking, analogy (simi-
larity) is not an identity relation. Generally speaking, similarity (anal-
ogousness) is not transitive, hence, it is not a relation of equivalence.
According to the logical positivism, strictly speaking, statements of
values (aesthetic, religious, moral-legal) are neither true nor false,
hence, in relation to proper logic semantics (i.e. logic as a theory
of truth), they are semantically meaningless.

However, ®"® is not a pure formal logic theory; it is not only log-
ic system. ®"® is a result of application of formal logic to what is not
formal logic but possesses own proper axioms, for instance, epistemic,
axiological ones.

Moreover, ®°* is a multimodal theory (truth and falsity are con-
sidered in it along with many other substantially different kinds
of modalities, for instance, along with the evaluative modalities (moral
goodness, wickedness, etc.).

To avoid possible misinterpretations of the below-placed formula-
tions, here it is worth emphasizing that “t” possessing no indexes
stands in the present paper for “true”, and “t” possessing a lower index
(literal one) stands for a term.

In logic semantics of the above-defined artificial language
of ®°®, truth of moral-legal judgement G[t;] is quite exactly defined
by the following formal-logical equivalence: ((assessment G”[t] has
proper logic value “t”) = (term t; has axiological value “g”)). The arti-
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ficial symbol “=” stands here for the habitual relation of formal-
logical tantamount-ness (coincidence of proper logic values). This
tantamount-ness is a quite precise fundamental definition of proper
logic semantic meaning of G”[t;] in the language of ®"%.

Keeping in mind all the above-given definitions, conditions of
truth of/for formulae of ®"® (in its standard model) are defined in the
present paper as follows:

L. ((formula [t;] possesses proper logic value “t”) = (term t; pos-
sesses ontological value “e”)).

IL. ((formula G”[t;] possesses proper logic value “t”) = (term t;
possesses axiological value “g”)).

III. ((formula W"[t;] possesses proper logic value “t”) = ] (term t;
possesses axiological value “g”)).

IV. For any formula o of ®"%, formula K"« possesses proper log-
ic value “t”, if and only if, either it is true that E”¢, or it is true that
AP a. Here, “cither ..., or ...” stands for the strict (excluding) disjunc-
tion. Consequently, it is quite relevant to use the below-placed hexa-
gon containing the logic opposition square for visualizing (modelling
geometrically) the system of proper formal-logic semantic (truth-
related) logical interrelations among de dicto epistemic modalities K°,
AP, E®, while precisely defining conditions of/for truth of formulae of
®"® in standard model this theory.

Kla

Alg

\

TKPa

Fig. 1. The logical opposition-square-and-hexagon
of epistemic modalities de dicto
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According to the so-called “fraditional formal logic”, in the above
visual image, the upper horizontal line represents geometrically the
well-known contrariety relation; in its turn, the bottom horizontal line
in Fig. 1 represents geometrically the well-known sub-contrariety re-
lation; the three lines crossing the square geometrically model the
well-known contradictoriness relations. The arrows model visually
the well-known relations of subordination (formal-logic conse-
quence). With respect to the epistemic modalities de dicto, all the
truth-related formal-logic rules of the well-known traditional formal-
logic opposition square are valid. The heuristically and pedagogically
fruitful idea of geometric modelling proper formal-logic aspect of
conceptual systems by the square of conceptual opposition has been
known and exploited systematically since ancient times to our ones.
Nowadays, the traditional square of opposition is essentially general-
ized by the hexagon and many qualitatively novel interpretations
of/for the old idea (of visual geometric modeling proper logic relations
and rules) have been invented and exploited.

According to the given paper, in standard model of ®"%, condi-
tions of truth of/for formulae containing the formula E¢, are exactly
defined by the following statements:

V. For every formula ¢, when it is true that EDa, then it is also
true that K" av.

VL. For every formula ¢, when it is true that 0°Se, then it is also
true that E” . This represents (in truth-related semantics of/for ®"*) the
positivist requirement of science methodology emphasizing that proper
empirical knowledge is to be sensually verifiable either actually or po-
tentially (in principle). Obviously, the suggested representation (model)
of the sensual verification-ism substantially differs from its original ac-
tually realized in history of philosophy of science (here I mean the sub-
stantial difference of sufficient and necessary conditions of/for quite ra-
tional affirming that knowledge is actually empirical one.

VIL For every formula o, when it is true that 0” e, then it is al-
so true that E”a. This represents (in truth-related semantics of/for
®°®) exactly that positivist principle of science methodology
(i.e. indispensable condition of/for scientific-ness of knowledge), ac-
cording to which (principle), actually scientific (=empirical)
knowledge has to be falsifiable either actually or potentially (in prin-
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ciple). Evidently, the suggested representation (model) of the falsifi-
cation-ism substantially differs from its original actually realized in
history of philosophy of science. Here I imply the noteworthy differ-
ence between sufficient and necessary conditions of/for empirical-
ness of knowledge (the indicated situation is analogous, i.e. different
but similar, to the one described in the above-formulated item VI).
Special attention to the potential falsifiability of proper scientific
knowledge had been paid in XX century. However, some outstanding
specialists in science philosophy of XX century have systematically
criticized the overly obsessive (pseudo-rationalistic) tendency to oust
and replace the limitedly respectable criterion of sensual verifiability
(potential verification by sensation) with the limitedly respectable
criterion of falsifiability (potential refutation), in rational philosophy,
methodology and logic of science proper. The opponents reasonably
pointed out that, according to history and philosophy of science, nei-
ther verifiability, nor falsifiability, nor their non-excluding disjunc-
tion are necessary conditions of/for actually empirical (=proper sci-
entific) knowledge; the stormy discussion implies a nontrivial hy-
pothesis that, perhaps, there are also some additional not yet recog-
nized nontrivial principles (criterions) of perfect empirical-ness
(actual scientific-ness) of human knowledge. Which still not well-
recognized principles (criterions) are meant here? In this paper,
a nontrivial hypothetic answer to this hard question is given by the
below-placed statement VIII representing also a sufficient (but also
a not necessary) condition of/for quite rational affirming actual em-
pirical-ness (=scientific-ness) of human knowledge.

VIIL. For any formulae o and @ of ®X, if it is possible that prop-
er logic values of the expressions (formula 2”® possesses logic value
“t”) and (formula @ possesses logic value “t”) are different, then it is
true that E”a. Here it is worth recalling that £ stands for an (arbitrar-
ily taken) element of the set of de dicto perfection-modalities which
(set) is defined above. In standard model of ®°X, the necessary and
sufficient condition (truth-related one) of empirical-ness of knowledge
is the below-formulated condition IX.

IX. For every formulae « and @, when and only when, in a stand-
ard model of ®°, it is true that E” ¢, then, in the standard model of
®"R, either (1) it is true that 0P e, or (2) it is true that 0"Se, or (3) it is
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true that it is possible that it is false that proper logic values (truth-
ones) of formulae @ and Q”w are identical.

Taking the above-formulated conditions VIII and IX seriously,
one can discover (notice and recognize) that, generally speaking,
knowledge can be actually empirical one even then, when it is neither
sensually verifiable nor actually falsifiable. Being psychologically un-
expected this discovery destroys the habitual paradigm as it goes far
beyond traditional tenets of the classical empiricism. Nevertheless,
this substantial reconstruction of precise formulation of the criterion
(=necessary-and-sufficient-condition) of empirical-ness of knowledge
makes it possible easily to understand and simply to explain some
hitherto mysterious facts of cognition history.

Truth-conditions for formulae of ®°X, containing the expression
AP a, are defined in this article as follows:

X. For every formula o of ®°%, when it is true that 4” ¢, then it is
true that K’ ax.

XI. For every formula o of ®°®, when it is true that 4A”«, then
it is true that a.

XILI. For every formula o of ®"%, when it is true that 4”¢, then
it is true that [P,

XIII. For every formula o of ®°%, when it is true that 4”a, then
it is true that 10°Sa.

XIV. For every formula o of ®°%, when 4”¢, then for every
formula @ of ®"F, the formal-logic tantamount-ness (2°w) = o)
is valid, or, in other words, ((formula 2°® possesses logic value “t”),
when and only when (@ possesses logic value “t”)), where symbol Q”
stands for any (arbitrarily taken) element of the above-defined set of
de dicto perfection-modalities.

XV. For every formula a of ®°%, when 4" ¢, then, for every for-
mula @ of ®°, it is true that (5”@ = Q" w), where symbols Z” and Q"
stand for any (arbitrarily taken) elements of the above-defined set of
de dicto perfection-modalities.

XVI. For every formula o of ®°%, when 4", then, for every mo-
dality Q and every term t, of ®°F, it is true that proper logic values
(truth ones) of Q"[t,] and [Q"t,] are identical (do coincide).



A principle of equivalence of modalities de-dicto and de-re... 41

The sentence {If 4”q, then, for every term t;, ((formula 7°[t] pos-
sesses logic value “t”) = (formula [t;]] possesses logic value “t”))}
is nothing but a concrete particular case (instance) of the above-
formulated condition XIV.

The below-located statements a) and b) are quite representative
particular cases (instances) of the condition XV:

a) If AP, then, for every formula @ of @}, it is true that
(T’ w= C°w), where “T”” stands for de dicto modality “it is true that ...”,
while “C"” stands for de dicto modality “it is consistent that ...”.

b) If AP, then, for every formula @ of @}, it is true that
CK 0= C°w), where “XK"” stands for the existence de dicto modality,
while “C"” stands for the consistency de dicto modality.

Keeping all the above-said in mind, one can arrive to the conclu-
sion that, when the truth condition of/for A”« is fulfilled (certainly,
this case is extraordinary one), then the notorious modal collapse
happens, namely: all the perfection-modalities de-dicto are formally-
logically tantamount to each other and, consequently, may be resolute-
ly eliminated from relevant expressions; without any change of truth-
values of these expressions, hence, under this extraordinary condition,
®"® turns from the multimodal theory into the classical propositional
calculus which is consistent and complete one. It is an almost common
belief that deductive provability of the modal collapse is a grave de-
fect (existentially significant flaw) of/for every formal axiomatic theo-
ry of modalities. In other words, when the modal collapse is a theorem
of a general theory of modalities, then the general theory of modalities
ceases to exist as such. Evidently, this is really so, if one speaks
in general. But, it is worth emphasizing here that, generally speaking,
the formula implying modal-collapse is not deductively provable in
®"®. The modal collapse is formally-logically (deductively) derivable
in ®"® not in general, but only from the very strong assumption (ex-
traordinary hypothesis) that A”a. If E”ar, then the modal collapse does
not exist in ®°X. Consequently, in general, as a whole, ®"" is free of
the modal-collapse paradox (while, in that extraordinary particular
case, when 4” a, the modal collapse is neither a flaw nor a paradox but
quite a normal condition).

I faith that, in future, the powerful tendency to multimodality in
philosophical logic (in particular, the strong propensity to think of
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many-ness of qualitatively different kinds of de dicto modalities) in-
stantiated in this paper by formulaec G”a, T°a, C’a, JK"a, shall lead
philosophers to a significantly clearer recognition of the inevitable
ambiguity, polysemy, and essential many-valued-ness of natural hu-
man language semantics. The given paper is the start of/for promising
scientific investigations in the indicated direction.

1.4. Utilizing the Logical Square of Concept Opposition
and Blanché Hexagon as Graphic Models (Means of/for
Visualization) of formal-logical interconnections among
perfection-modalities de-dicto and of formal-axiological
interconnections among perfection-modalities de-re,

in the Formal Philosophy System ®DR

One of theoretically interesting options and prospective directions
of investigating perfection-modalities de-dicto and de-re, is attempting
to utilize the hexagon [Blanché 1966] containing the square of opposi-
tion for graphic modelling (visualizing) the systems of formal inter-
connections among the modalities belonging to the two qualitatively
different types under consideration. In [Lobovikov 2024, p. 34], the
opposition square included into Blanché hexagon has been used for
graphic modelling (visualizing) the systems of formal-logical inter-
connections among the epistemic modalities K, A, E, which are de dic-
to ones. Hereunder [ suggest quite a new formal-logical interpretation
of the geometric figures. The formal-logic-square-and-hexagon is ex-
ploited below as a graphic model (means of/for visualization) of for-
mal-logical interconnections among any possible perfection-
modalities de-dicto.

With respect to all perfection-modalities de dicto, all the truth-
related formal-logic rules of the traditional formal-logic-square-and-
hexagon are valid. Fig. 2 models proper logic aspect of de dicto modal
notion systems. According to [Inwagen, Sullivan, and Bernstein
2023], it is highly likely that discourses of de-dicto modalities belong
to the subject-matter of logic, while discourses of de-re modalities be-
long to the subject-matter of metaphysics. If this is really so, then, in
the present article, it is worth undertaking a hypothetic-deductive in-
vestigation of an extraordinary possibility of inventing (intentional
constructing by analogy) a hitherto never considered formal-
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axiological square-and-hexagon for modeling graphically not formal-
logical but formal-axiological (i.e. proper metaphysical) aspect of re-
lations among de re modalities (objects of metaphysics proper).

Ol QP |
QD OF |
-l Q.D-lt:{ \/r -l OC
Ol QF |

Fig. 2. The multimodal square and hexagon
of opposition visually modeling formal-logical
interconnections among any perfection-modalities de-dicto’

If the statement that de re modalities belong to the subject-matter
of metaphysics is true, then, if the above-mentioned challenging for-
mal-axiological conception of metaphysics [JIo6osukos 2007; Lobo-
vikov 2022] is accepted (at least as a hypothesis worthy of investiga-
tion), then the relations among modalities de re are to be formal-
axiological ones (formal-axiological consequence, formal-axiological
contradiction, etc.).

I think that the pedagogically and heuristically fruitful idea of
graphic modelling abstract relations among abstract objects in abstract
systems of any nature (well-known and used systematically since an-
cient times) can be exploited successfully (by analogy) also in connec-

' Probably, it is worth recalling here that, in harmony with standard handbooks
of the so-called traditional formal logic, in Fig. 1, the bottom horizontal line
represents graphically the sub-contrariety relation; the upper horizontal line represents
visually the contrariety relation; the formal-logic-consequence relations are
graphically modeled by arrows; the lines crossing the square model graphically the
contradictoriness relations.
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tion with the formal-axiological systems. This abstract hypothetical
statement is exemplified below by Fig. 3, in which square and hexa-
gon model graphically not the habitual proper formal-logical relations
but unhabitual (qualitatively new) formal-axiological ones among
modalities-de-re as evaluation-functions. To exclude possible misun-
derstanding, here it is worth highlighting that, in Fig. 3, the artificial
language expressions QRty, NRORt, O'NRe, K2ZOR QNP and other
mean not “formulae” but “terms” of the theory ®°%. Thus, in Fig. 3,
the lines visually model the relations not among formulae but among
terms of ®°X,

AR OFNEgy,
OF gy OFNBey
E20R 5 08 NEy,

Fig. 3. The multimodal square and hexagon of opposition
visually modeling formal-axiological interconnections among
any perfection-modalities de-re

To exclude possible misunderstanding, it is necessary to empha-
size here that, in Fig. 3, arrows model graphically the relations of
“formal-axiological consequence”; the lines crossing the square
model graphically the relations of “formal-axiological contradictori-
ness”; the upper horizontal line represents visually the relation of
“formal-axiological contrariety”; the bottom horizontal line repre-
sents graphically the relation of “formal-axiological sub-
contrariety”. From the psychological point of view, it is highly likely
that people can mistake the “formal-axiological” relations for the
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corresponding “formal-logical” ones. However, from the proper log-
ic and theoretical-philosophy points of view, this gravely dangerous
mistake must be excluded due to perfect recognizing that “formal-
axiological” and “formal-logical” are not synonyms: they have not
identical but qualitatively different meanings. (In this connection,
readers are advised accurately to compare the relevant definitions,
which are strikingly analogous but not identical, and recognizing
their difference is very important for dismissing possible illusions
of paradoxes. I recall that relevant precise definitions of “formal-
axiological contradiction”, “formal-axiological equivalence”, et al
are provided above in this article.)

The multimodal opposition squares and hexagons represented
above by Fig. 2 and Fig. 3 have been never published before. Certain-
ly, various qualitatively different concrete interpretations (very inter-
esting and important particular cases) of Fig. 2 have been already ei-
ther discovered (contingently found) or deliberately invented (inten-
tionally constructed) much earlier, especially by Robert Blanché and
Jean-Yves Béziau [Blanché1966; Béziau 2003; 2012a; 2012b; Béziau,
Buchsbaum, Rey 2018]. But the multimodal graphic scheme located in
Fig. 2 visually represents for the first time a universal of/for the men-
tioned interesting and important particular cases: the alethic modali-
ties make up an important particular case of Fig. 2; the deontic mo-
dalities make up an important particular case of Fig. 2 as well, and so
on; the volatile vistas are potentially infinite in the indicated respect.
This is promising original fruitful applications of the universal (visu-
ally modeled by the figures) to unexpected contexts and problems to
be encountered in future.

Discussion and Exemplification of the Novel Results

Let us begin with discussing the equivalence ((1°[x] <> [[*x])
formally derived above (in @) from the presumption of a-priori-
ness of knowledge. While talking and writing of ontology in physics
and metaphysics, thinkers deal with two kinds of necessity: de dicto
and de re. The sentence “It is necessary that there is conservation of
energy” exploites the necessity de dicto, while the sentence “There



46 V.O. Lobovikov

is necessity of conservation of energy” exploites the necessity de re.
Let us fix and discuss such an interpretation of ((°[x] <> [["x]),
in which conservation-of-energy is a value of the variable x. In this
fixed interpretation, [x] is a dictum (proposition) “conservation-of-
energy exists”, and [I°[x] is a de dicto modal proposition (modal
statement about the dictum [x]). Along with this, in the fixed inter-
pretation under discussion, [ is not a dictum but a physical object:
either a physical state of matter, or a material process, or a material
thing, i.e. re. Both x and ["x belong to the material world: they are
not dictums. Consequently, in the concrete interpretation under
discussion, [(*x] is a de re modal proposition — modal statement
about what exists (in the real world). It is easy to see that, in the giv-
en interpretation, the equivalence (U°[x] <> [("x]), is true. Hence,
with respect to physics, the axiom-scheme AX-7 (of ®°%) looks
quite adequate.

According to history of philosophy, exactly physics had been “na-
tive land” (basic professional education) of/for plenty of positivist-
minded philosopers negatively treating metaphysics, axiology, and
theology. In this connection, it is curious that the equivalence ([ °[X]
< [°x]), is true not only in proper physical but also in proper thelog-
ical interpretation. If such a thelogical interpretation of (U°[x] <>
[C"x]), is suggested, in which a name of God is substituted for x, then,
being theologically interpreted, (1°[x] <> [["x]) is translated into the
natural language by the following biconditional: (it is necessary that
(God exists)), if and only if ((necessity of God) exists). Here, (necessi-
ty of God) is not a proposition but a re. Certainly, from the classical
theology viewpoint, the biconditional is true.

Now let us consider the sentence “In God we trust” located on
the green banknotes. If it was written “We trust that (God exists)”,
then “trust (that ...)” would be a modality de dicto. But the “trust in
(what, whom)” is a modality de re. In the sentence “There is (our
trust in God)”, or “(Our trust in God) exists”, God is considered as
a Divine Re. For true believers, it is certain that the biconditional
“We trust that (God exists), if and only if (Our trust in God) exists”
is true. This very special biconditional sentence is a concrete exem-
plification of the abstract equivalence (F°[t] <> [F't]). The true
positivists hating talks about God and ignoring de re modalities
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(as metaphysical ones) shall be not happy with the equivalence
(F°[t] <> [F*t]) exemplified theologically. But, in my opinion,
for unpedjudiced formalist-minded philosopers and abstractly think-
ing logicians this quite formal equivalence of de dicto and de re
biliefs (not necessarily having theological interperetation) is of some
professional interest.

In mathematical logic proper, there are quite natual and fruitful
discourses of provability as modality [Ky3neuos u Mypasuiikuii 1980;
Boolos and Sambin 1991]. However, as a rule, the modality discourses
of provability are reduced to provability as modality de dicto, exclu-
sively. In addition to these writings on proper logic, let us try to con-
sider evidence (proof) and proving (making evident) as modalities
de re. Obviously, this is something unusual (not habitual) for logicians
proper, but lawyers (especially the ones taking part in litigations) are
used to the so-called “real evidences”. For litigants, judges, and inves-
tigators, “proving thing (re¢)” has value. Hence, axiology (dealing with
moral-legal value) is quite relevant to evidence (proof) as modality
de re. Often, during legal trials, making up (or ruining) a proof (find-
ing or destroying an evidence) are operations with objects (things); in
this relation, evidences (proofs) are objects of an activityof appropri-
ate lawyers, hence, in this relation, proofs (evidences) are nothing but
things (re), to which the activity is applied.

Let us consider the following interpretation: term d is interpreted
as John Fitzgerald Kennedy; term / is interpreted as Lee Harvey Os-
wald; the two-placed term (applied to d and /) is interpreted as (termi-
nation of J. F. Kennedy by L. H. Oswald). In this interpretation, term
T’dh means the act of termination of Kennedy by Oswald, which act is
(certainly) not a proposition but an event (re). (Here it is worth re-
calling that the evaluation-function T’xy — “termination of x by y”
is defined above by Table 2.) In the interpretation under consideration,
term P*T°dh (made by attaching P® to term T°dh) means de-re-
modality-term “evidence (proof) of (what) T°dh”. Thus, in the inter-
pretation under discussion, terms d, h, T°dh, P*T’dh are not proposi-
tions (dictums), but things (res): persons, actions, events, states of af-
fairs, real evidences, which are not proper logic phenomena. Nonthe-
less, in the fixed interpretation, [P*T°dh] denotes the either true or
false statement (dictum) that there is an evidence that Kennedy has
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been killed by Oswald. In its turn, [T°dh] is also an either true or false
proposition (dictum), namely, the statement that Kennedy has been
killed by Oswald. Consequently, both formulae [T°dh] and [P*T’dh]
belong to the subject-matter of logic proper. According to the above-
given definition of “formula of ®°*”, if [T°dh] is a formula, and P°
is a symbol denoting a de-dicto-modality, then P°[T°dh] is a formula
of ®"® as well. Usual content analysis and intuition have nothing
against proclaiming that (P°[T°dh] <> [P*T°dh]) is true. Thus, the
above-considered concrete interpretation makes up an exemplification
of the abstract equivalence (P"[t] <> [P*t]).

1. A Proof of Consistency of ®°*

First of all, let us leave the above-presented axiom-schemes of
®"® for the below-located proper-axioms of ®°X.

Axiom AX*-1: APp o (1°q > q).

Axiom AX*-2: APp > (L°(p o q) o (I°p o L°Q)).

Axiom AX*-3:

APp & (KPp & (=0P—p & —0PSp & [1°(q <> 1))

Axiom AX*-4: EPp <> (K°p & (0°—p v 0°Sp v —°(q &> [°Q))).

Axiom AX*-5: [1°p 5 0°p.

Axiom AX*-6: (1°q & 0°°q) o q.

Axiom AX*-7: APp o (LP[x] « [I*x]).

Axiom AX*-8: (B®x=+=I"x) &> (G”[B"x] <> G"[J*x]).

Axiom AX*-9: (BRx=+=g) o [I°G"[B"x]).

Axiom AX*-10: (B*x=+=b) > 1PW"[B*x]).

Axiom AX*-11: (G"p <> —=W"p).

Nedunmms DFE*-1: O°p ecTs cokpawennoe naszéanue s
—P—p, Te. (0’0 <> = °—), 0 onpexeneHmIo.

Now let us consider a function # called “an interpretation of the axi-
om system” and defined precisely by the following list of items 1)-26) as
a whole. (Here it worth noting that, in this part of the article, the symbol
“t” stands for “true” and the symbol “f” stands for “false”.)

1) For any formulae & and A of the formal theory ®°%, and for
any binary classical logic connective ®, it is true that
#(O ® L) = (#3 ® #1N).
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2) For any formula & of the formal theory ®"%, it is true that
#15 = 5. (Here the symbol “[” stands for the classical-logic unary-
operation called “negation”.)

3) #APp=1.

4) #Pq=f

5) #q-=t.

6) #p=t.

7 #Ppoq)=f

8) #Pp=f.

9) #Kp=t.

10)#0° p =t.

11)#0°Sp =t.

12)#1°(q <> °q) =f1.

13)#E"p =t.

14)#0°p =t.

15)#°Pq =1

16)#[B"x] =t.

17)#[I"x] =t.

18) #[x] =t.

19)# P[x] =t.

20)#[(*x] =t.

21)#G°[B®x] = t. In the interpretation under consideration,
the symbol B” stands for the above-tabularly-defined evaluation-function
“positive aesthetic value (beauty) of (what, whom) x”. See table 1.

22)#GP[J*x] = t. In the interpretation under consideration, the
symbol J* stands for the above-tabularly-defined evaluation-function
“positive hedonistic value (pleasantness) of (what, whom) x”, or in oth-
er words, “happiness with, or joy from (what, whom) x”. See table 2.

23)#(B x=+=J"x) =t.

24)#(B x=1+=g) = f.

25)#(BRx=+=b) =f.

26)# PG°[B*x] =T.

27)# PWP[BRx] =1

28)#G p =t.

29)#WPp =f.

30)#1°—p =T.
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In relation to the above-defined interpretation # of the formal
theory ®"®, the axioms AX*-1 — AX*-11 are true, the definition DF*-
1 is true, and the only formal logical derivation rule (modus ponens)
preserves the truth, consequently, the suggested interpretation # of the
formal theory @}, is a model of/for this formal theory and, conse-
quently, ®"® is logically consistent (as there is a model of/for it).

2. A Proof of Unprovability of (€"[x] «»D"[x]) in ®"* and
a Proof of Unprovability of (|©*x] «» [D*x]) in "

In realtion to the schemes of theorems (©°[x] <> D"[x]) and
([©%x] <> [D*x]), the following nontrivial questions arise in ®"%
Is constructiveness (or constructivity) identical to algoritmicalness?
Is it necessary that all constructions are algorithmical? Can it be pos-
sible in mathematics that an object can be constructed but an algo-
rithm of construction of the object does not exist? Abstractly speaking,
in principle, it may happen that one (for example a mathematician, lo-
gician, specialist in informatics-and-compurer-science) can disagree
with biconditionals (©°[x] <> D"[x]) and ([©"x] <> [D*x]) as neces-
sarily wuniversal statements, and can provide concrete counterargu-
ments grounding the disagreement. For having an adequate attitude to
this nontrivial abstract possibility, it is worth making acquaintance
with [Maprun-JI€p 1975; Haropusrii 2010; Heneiisoga 2010; 2011;
2012; 2014]. Concerning the above-said of the hypothetic possibility
of rational counterargumentation against the equivalences
(©"[x] <> D"[x]) and ([©"x] <> [D"x]), it is relevant to remark here
that these equivalences are not provable in ®"%.

To prove their unprovability in ®°%, let us undertake the follow-
ing steps. At first, let us make up a new formal axiomatic theory £ by
adding a new axiom, namely AX*-12: —(©@"[x] <> D"[x]), to the
above-placed list of axioms of @, A model of/for the new formal ax-
iomatic theory £ is created by adding a couple of new items, namely,
the following 31) and 32) to the above-given definition of interpreta-
tion-function #. Let “#+31&32” be the name of/for the new function
to be used as an interpretation of/for £.

31) #O°[x] =t.

32) #D"[x] =f.
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In relation to the above-defined interpretation # of the formal theo-
ry @}, the axioms AX*-1 — AX*-12 are true, the definition DF*-1
is true, and the only formal logical derivation rule (modus ponens) pre-
serves the truth, consequently, the suggested interpretation “#+31&32”
of the formal theory £, is a model of/for this formal theory and, conse-
quently, £ is logically consistent (as there is a model of/for it).

Let us assume that (©°[x] <> D”[x]) is formally provable in ®"%.
Then £ is logically inconsistent as both (©"[x]<> D"[x]) and
—(©"[x] «> D"[x]) are formally provable in £. But it is proved that £
is logically consistent as it has a model. Consequently, our assumption
is wrong, consequently, (©°[x] <> D"[x]) is not provable in ®"X. Here
we are.

Now let us create a new formal axiomatic theory © by adding
a new axiom, namely AX*-12: —([©"x] <> [D*x]) to the above-placed
list of axioms of ®°*. A model of/for the new formal axiomatic theory
O is created by adding a couple of new items, namely, the following
33) and 34) to the above-given definition of interpretation-function #.
Let “#+33&34” be the name of/for the new function to be used as an
interpretation of/for O.

33) #{O%x] =t.

34) #[D*x] =f.

In relation to the above-defined interpretation # of the formal theory
@R the axioms AX*-1 — AX*-12 are true, the definition DF*-1 is true,
and the only formal logical derivation rule (modus ponens) preserves the
truth, consequently, the suggested interpretation “#+33&34” of the for-
mal theory O, is a model of/for this formal theory and, consequently, ©
is logically consistent (as there is a model of/for it).

Let us assume that ([©"x] <> [D"x]) is formally provable in ®"X.
Then © is logically inconsistent as both ([©"x]<> [D"x]) and
—([©%x] <> [D*x]) are formally provable in ©. But it is proved that O
is logically consistent as it has a model. Consequently, our assumption
is wrong, hence, ([©"x] <> [D*x]) is not provable in ®°*. Here we are.

3. Formal Proofs of (4°a>@"[x]< D°[x]) and
(A o > ([O"x] <> [D*x])) in &"F

Notwithstanding the above-said, (Ao > (©°[x] <> D[x])) and
(APa o ([©%x] <> [D*x])) are formally provable in ®°F. To examine
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this statement, readers are invited to make acquaintance with the fol-
lowing formal proofs.

1)

2)

8)

9)

- APa o (KPa & (—=0P—a & —0Sa & [°(B <> Q°B))): axi-
om scheme AX-3.

- APo o (Ko & (0o & —=0PSa & [P(B <> QPB))): from
1) by elimination of <>.

APq assumption.

APa |- (Ko & (—0P—o & —0PSa & [P(B <> QPB))): from
2) and 3) by modus ponens.

APa |- 1°(B <> QPB): from 4) by elimination of &.

- APa o (UPB o B): axiom scheme AX-1.

- APa o (LP(B < Q°B)) o (B <> QPP)): from 6) by substitut-
ing (B <> Q°B) for P.

APa |- (L°(B < Q°B)) o (B <> Q°B)): from 3) and 7) by mo-
dus ponens.

APa |- (B <> QPP): from 5) and 8) by modus ponens.

10) A a |- (B <> Z°B): from 9) by substituting Z” for Q.

11) APa |- (E°B < B): from 10) by commutativity of <>.

12) APa |- (EPB <> QPP): from 11) and 9) by transitivity of <>.

13) |- (APa. o (EPB <> QPP)): from 12) by introduction of o.

14) |- (Ao > (©°[x] <> D”[x])): from 13) by substituting: ©" for

=P, D for Q°, and [x] for B.

Here you are: (APa o (©°[x] <> D”[x])) is formally proved in
®"® by the above-presented succession 1)-14). Now let us continue
this succession in the following way.

15) |- APa o (QP[ti] <> [Q"]): axiom scheme AX-7.
16) |- APo o (©°[x] <> [©"x]): from 15) by substituting: ©" for

QP; ©f for QF; x for t.

17) |- APa o (D"[x] <> [D*x]): from 15) by substituting: D" for

QP: D for Q; x for t.

18) APa |- (©°[x] «> [©"x]): from 16) and 3) by modus ponens.
19) APo |— (D°[x] <> [D*x]): from 17) and 3) by modus ponens.
20) APa |- (©"[x] <> D"[x])): from 12) by substituting: ©" for =,

DP for Q°, and [x] for P.

21) APa —(©[x] <> [D*x]): from 20) and 19) by transitivity of <>.
22) APa — ([©"*x] «> ©"[x] ): from 18) by commutativity of <>.



A principle of equivalence of modalities de-dicto and de-re... 53

23) APa —([©"x] <> [D"x])): from 22) and 21) by transitivity of <>.
24) |- (APa o ([0%x] > [D*X])): from 23) by introduction of .
Here we are: (APa > ([©x] <> [D¥x])) is formally proved
in ®°® by the above-presented succession 1)-24).

Conclusion

According to the present article, there is a one-to-one correspond-
ence between elements of the set of modalities de dicto and elements of
the set of modalities de re. Moreover, corresponding modalities de dicto
and de re are equivalent, under the precisely defined extraordinary con-
dition that knowledge is a priori (in exactly that meaning of “a priori”,
which is precisely defined by the axiomatic system ®"*). Consequently,
if in some concrete domain of knowledge, there are grounds for negat-
ing equivalence of some corresponding de dicto and de re modalities,
then the concrete domain contains empirical knowledge, consequently,
in this concrete domain, knowledge is not pure a priori. According to
the given article, from the one’s disagreement with equivalence of con-
structiveness and algoritmicalness, it follows logically by modus tollens
that according to the one, generally speaking, it is false that A a.
Hence, even in the concrete interpretation resulting in the one’s concrete
counterexamples, schemes of formulae (A a > (©°[x] <> D”[x])) and
(APa o ([©%x] <> [Dx])) are schemes of true statements. Thus, the ex-
traordinary equivalence of corresponding modalities de dicto and de re
essentially depends on the relevant epistemic context, namely, on accept-
ing or rejecting the extraordinary epistemic assumption that knowledge
is pure a priori.
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